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We study a particular traffic network where the volume of traffic is regulated by
controlling the traffic signals at each intersection. . We make an appropriate choice of
u,, v=0,k, which will enable us to control the traffic signals. Our objective is to
move one traffic configuration to another (ideal or appropriate) traffic configuration so
we may stop configuration within our network. Numerical examples were used to
specifically demonstrate the effect ofu, to our model. The calculations were
implemented using a mathematical tool, MathCad Plus.
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We consider a simple model ofan urban traffic flow problem. The purpose is to
isolate a small area as shown in Figure 1. The traffic is regulated by controlling the
traffic signals at the designated intersections. Through a judicious control of the traffic
signals, the volume of straight-through traffic and the traffic turning right or left in unit
time must be regulated. Although Figure 1 does not realistically model urban traffic
flow, it does provide the basis for our discussion in the general case.
• traffic light




In an actual model one should consider the presence ofexternal conditions such as
accidents, human factors, school or hospital zones, and parking garages. Parking garages
introduce source (sink) terms complicating the model but we do not include them in our
present investigation. Generally, the straight-through traffic and those turning right of
left are not constant. They vary in time and circumstance; thus, should be regarded as
random variables.
Our objective is to how successfully move one traffic configuration to another
(ideal or appropriate) traffic coidiguration. Specifically, we want to study the evolution
of the state of the traffic in our network and steer it to the desired state. To do this we
have to control the traffic entering and exitng our network as well as the flow of traffic in
the network.
1.2. Mathematical Formulation
We now proceed to state our simple mathematical model. Let
Xi (t+1) = A X, (t)+B Ui (t)+qi (t) (1.2.1)
where
Xj (t)= amount ofvehicles at intersection
Ui (t)s amount ofvehicles leaving intersection i,
Qi (t)s amount ofvehicles arriving to intersection i,
Sj s percentage ofvehicles going straight ahead from intersection i,
r; s percentage of vehicles turning right or left at intersection i.
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In particular (1.2.1) yields.
x,(t) -I 0 0 0 0 0 0 0 0 0 a,(t) q,(t)
Xjft) Si -1 0 0 0 0 0 fg 0 0 q2(t)
*3(0 0 *2 -1 0 0 0 0 0 0 0 q3(0
*4(0 0 0 0 -1 0 0 0 0 0 0 «4(‘) q4(t)
0 0 0 S4 -1 0 ••7 0 0 0 «s(‘) qs(t)
*6(‘)
+
0 0 0 0 0 -1 S7 0 0 0
4“
q6(0
*7(0 0 ^2 0 0 0 0 -1 0 0 0 q7(0
**(0 0 0 0 0 fs 0 0 -1 0 0 »g(0 qg(0
*9(‘) >^i 0 0 0 0 0 0 Sg -1 0 q9(t)
Xio(t) 0 0 0 0 Ss 0 0 0 0 -1 Uio(t) q,oW
(1.2.2)
Generally, if (t) is the traffic configuration at time t, we want to move to a
certain traffic configuration (t+k) at time t+k, k>0, by controlling the traffic signals.
This will control the volume of traffic allowed from one intersection to another, i.e., the
amount of traffic that goes straight ahead or that turns right or left in unit time will be
regulated. In (1.2.1), controlling the traffic signal is reflected by the appropriate choice
of [Ui (t),..., u,o(t)]’^. The inputs [q, (t),..., qio(t)]^ represent noise.
We have to impose the constraints (u,)^0; however, this represents a higher




In a more realistic traffic model, data has to be collected for statistical analysis.
Such methods as the Kolmogorov-Smimov Test can be used to determine the
statistical distribution of the random variables in question; for example, straight-through
and turning traffic can be considered. In (1.2.1), if we know the mean (p) and variance
(o^) of Qi (t), i=l,..., k+1, we can determine the mean and variance of X; (t), i=l,..., k+1.
Given the distribution for [q, (t),..., qio(t)]^ we can determine that of [x, (t),..., x,(i(t)]^.




ANALYSIS OF THEMATHEMATICAL FORMULATION
2.1. Variation ofParameters Formula
Motivated by the discussion in Section 1.2., we study the equation
Xk+i = Ak Xk+ Bk Uk+Qk
= Ak(Ak.i Xk.i+ Bk.j Un+qk-i) + Bk Uk+qk
~ AfcA^k-l(^-2 Xk-2“*' Bk-2 Uk-2'*'Qk-2)'*'Ac ®k-l tlfc-i
+Akqk.i + Bk Uk+qk
~ ^A,k.iAk.2... Ao Xo+AkAk.iAk.2... A, Bq u^
■*'AkAk-lAk.2 A2 Bj Ui
■^AkAk.iAk.2 ■ • • Ak.j Bk.j.i Uk.j.i +.. .+Ak Bk.i Uk. 1
+ Bk Uk +AkAk.jAk.2... Aj qo
■^‘^■^-l^k-2 A.2 qi +AkAk.iAk.2 Qk-j-l
+...+ Akqk.i+qk. (2.1.1)
We notice that Xk+i has a recursive property such that we define
fc-i
F(kJ)= n A,,, (2.1.2)
v=k-j-l
F(k,-l) = I (2.1.3)








Let v=k-j-l, thenj=k-v-l. Simplifying,
0 0
x^„=F(k,k)Xo+ E F(k,k-v -l)B^u,+ S F(k.k-v -l)q,
v»k v»k
(2.1.6)
Motivated by the variation ofparameters formula, we define a new function by setting
0(k,v+l) = F(k,k.v-l).
k-l






v + 1 (2.1.8)
$(k.k)=F(k.O)
k-l












Xk+i = *(k,0)Xo+ 2 <&(k,v + l)B,u^+ S *(k,v + l)q^
V *0 V *0
Using, when k=3, we want to find X4, such that.
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X4 Aq Aj A2 A3 Xq ^ A| A2 A3 Bo Uq + A2 A3 Bj U| 4. A3 B2 U2 4. B3 U3 A| A2 A3 cjo
+A2 A3 q,+A3 q2+ q3 . (2.1.14)
Note that,
<I>(k,k-h)=F(k,h>=Ak4,... A^ , O^h^k (2.1.15)
0(k-h,k-h-j)F=F(k-hj>=Ak4,^... Ak4, , O^jshsk (2.1.16)
4>(p,l>j)‘5(k,p+l>=Ap^... Ap Ap^,... Ak, j^h5p:£k (2.1.17)
^(p,0)«»(k,iH-l>=«.(k,0)=Ao... Ap Ap4,... Ak, j=p. (2.1.18)
2.2. Transfer Formula
In this section we demonstrate how to transfer a given traffic configuration, Xoto








Fk = ^>(k,0). (2.2.3)
Then,
FkXo-Xk„-W(0,k+l)y = 0. (2.2.4)
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We want to solve for y. To do this we have to consider two cases ofW(0,k+1) being
invertible and not invertible. Observe that.
k
0=F^x„-Xt,j+S «(k,v + l)B^B/*'^(k,v + l)y , kiO (2.2.5)
v-O
Thus,
E <&(k,v +l)B,B/<j''(k.v +l)y (2.2.6)
v=0
which is similar to (2.1.13). Now, we want to control u,, the volume of traffic leaving
intersection v at time t. Now, we define
u, »B,H>.v ^ 1 )W -\0M^ 1 )(F^x,-x^,,) (2.2.7)
where
y=W-‘(0.k^l)(F,x„-x,,,). v=0,....k . (2.2.8)
Thus, we have demonstrated that we can steer Xo to ifW '(0,k+1), k^ 1, exists. Now
suppose thatW(0,k+1) is not invertible and (F^ Xq- Xt,^,)ekerW(0,k+1).
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= 2 , *(k,v+l)B^(D^)
v«0
Since,
= S(B/®'^(k,v+l)F^x„-x^,, . CO,). (2.2.10)
v*0
0=^k*o"*k.i • W(0,k + l)(F^Xo-x^^j))
=(Fk’^o-^k.i
k









However, this contradicts (2.2.10). Thus, we can't have (F^ x^- Xk,.,)6kerW(0,k+1).
Therefore, (F^ Xo- Xk+j)eRange W(0,k+1) to steer Xo to x^+i. Certainly, this is
guaranteed if W(0,k+1) is invertible.





2.3. Effect ofRandom Perturbations
From (2.1.13), assume that x^, 0(k, v+1), B„, and u„ are deterministic and q„
are random variables. Suppose the mean of qv is p, and the variance is Then,
k k
E[x^^j]=*(k,0)x„+ 2 «(k,v+l)B^u,+2 ^(k,v + l)p^
v*0 V *0
k












E(x^,,') = aj+bi+S Sa
w-O j»I
''m ^IJ (2.3.3)




Since (2.3.1) is a linear transformation and the convolution operation is
associative, we can find the probability distribution function of In Section 3.2, we




Ej, i=l,2,3, a random variable with its uniform distribution on [0,1]. Ten samples for




3.1 Examples Without Noise
Motivated by our discussion in Section 2.2, recall the example ofW(0,4). We
want to numerically demonstrate this process by calculating Uv, v=0,1,2,3. We choose
0.5 0 0.5 0.5 0 0.5 0.3 0.2 0.5
II
o< 0 1 0 » Aj “• 0 0.8 0.2 j A2 0.4 0 0.6
0 0.5 0.5 0.8 0 0.2 0 0 1
1 0 o' 1 0 0 0.2 0 0.8
> II 0 1 0 • Bo = 0 1 0 0 0.5 0.5 »
0 0 1 0 0 1 0.6 0 0.4
0.5 0 0.5 0 1 0
B. = 0 0.5 0.5 > B3 = 0 0 1
0.5 0.5 0 1 0 0







«0 = -0.109 > "i = -0.209
-0.744 -0.670
-0.426 -0.389








“o = -0.095 . u, = -0.183
-0.247 -0.516
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In example 3, when
-0.362 -0.384









“o = 0.070 . Uj = 0.129
-0.214 0.414
0.192 0.522 '
«2 = 0.051 ♦ «3 = -0.137
-0.380 -0.624
3.2 Examples With Noise
From Section 3.1, example 3, we will use those same conditions to now include









= 2.430 * «i = 2.289
3.571 3.551
2.659 2.591'
“2 = 2.445 » “3 = 2.294
3.542 3.691
2.633 3.193
«4 = 2.226 » «5 = 2.492
3.504 3.845
3.270 3.282
“6 = 2.484 , n, = 2.628
3.709 3.903
3.047' '2.795
«8 = 2.349 . u, = 2.356
3.812 3.509
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Our numerical examples were computed using a mathematical tool, MathCad Plus.
Therefore, we have demonstrated that it is possible to move one traffic
configuration to another when we choose an appropriate u,. Although, this can only be
accomplished when (F^ Xo- x^+OeRange W(0,k+1).
18
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